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Abstract
In [16], we obtained some congruences for Lucas quotients of two infinite families
of Lucas sequences by studying the combinatorial sum
∑
k≡r(mod m)
(
n
k
)
ak.
In this paper, we show that the sum can be expressed in terms of some recurrent
sequences with orders not exceeding ϕ(m) and give some new congruences.
1. Introduction
Let p be an odd prime, using the formula for the sum
∑
k≡r(mod 8)
(
n
k
)
,
Sun [12] proved that
p−1
2∑
k=1
1
k · 2k ≡
[ 3p
4
]∑
k=1
(−1)k−1
k
(mod p).
Later, Shan and E.T.H.Wang [5] gave a simple proof of the above congruence.
In [10], Sun proved five similar congruences by using the formulas for Fibonacci
quotient and Pell quotient.
2In [13], Sun showed that the sum
∑
k≡r(mod m)
(
n
k
)
,
where n,m and r are integers with m,n > 0, can be expressed in terms of some
recurrent sequences with orders not exceeding ϕ(m)/2, and obtained the following
congruence
p−1
2∑
k=1
3k
k
≡
[ p6 ]∑
k=1
(−1)k
k
(mod p).
In [16], we studied more general sum
∑
k≡r(mod m)
(
n
k
)
ak, (1)
and obtained congruences for Lucas quotients of two infinite families of Lucas se-
quences. See ([16] Theorems 4.10 and 5.4). In this paper, we continue studying the
sum. We show that it can be expressed in terms of some recurrent sequences with
orders not exceeding ϕ(m), and obtain some new congruences.
For x ∈ R, we use [x] to denote the integral part of x i.e., the largest integer
≤ x. For odd prime p and integer b, let
(
b
p
)
denote the Legendre symbol and qp(b)
denote the Fermat quotient (bp−1 − 1)/p if p ∤ b. When c, d ∈ Z, as usual (c, d)
stands for the greatest common divisor of c and d. For any positive integer m, let
ζm = e
2pii
m be the primitive m-th root of unity and let ϕ(m), µ(m) denote the Euler
totient function and Mo¨bius function respectively. Throughout this paper, we fix
a 6= 0,±1.
2. Main Results
Definition 2.1. Let n,m, r be integers with n > 0 and m > 0. We define[
n
r
]
m
(a) :=
n∑
k=0
k≡r(mod m)
(
n
k
)
ak,
where
(
n
k
)
is the binomial coefficient with the convention
(
n
k
)
= 0 for k < 0 or k > n.
Then we have the following theorem.
Theorem 2.2. Let m,n ∈ Z+, and k ∈ Z. Write
Wn(k,m) =
m∑
l=1
(l,m)=1
ζ−klm (1 + aζ
l
m)
n,
3and
Am(x) =
m∏
l=1
(l,m)=1
(x− 1− aζlm) =
ϕ(m)∑
s=0
bsx
s.
Then
Am(x) ∈ Z[x] and
ϕ(m)∑
s=0
bsWn+s(k,m) = 0.
Moreover, for any r ∈ Z we have[
n
r
]
m
(a) =
1
m
∑
d|m
Wn(r, d).
Proof. It is easy to see that the coefficients of Am(x+1) are symmetric polynomials
in those primitive m-th roots of unity with integer coefficients. Sicne
Φm(x) =
m∏
l=1
(l,m)=1
(x− ζlm) ∈ Z[x],
Am(x+ 1) ∈ Z[x] by Fundamental Theorem on Symmetric Polynomials. Therefore
Am(x) ∈ Z[x].
For any positive integer n, we clearly have
ϕ(m)∑
s=0
bsWn+s(k,m) =
ϕ(m)∑
s=0
bs
m∑
l=1
(l,m)=1
ζ−klm (1 + aζ
l
m)
n+s
=
m∑
l=1
(l,m)=1
ζ−klm (1 + aζ
l
m)
n
ϕ(m)∑
s=0
bs(1 + aζ
l
m)
s
=
m∑
l=1
(l,m)=1
ζ−klm (1 + aζ
l
m)
nAm(1 + aζ
l
m)
= 0.
4Let r ∈ Z, then we have
[
n
r
]
m
(a) =
n∑
k=0
(
n
k
)
ak · 1
m
m∑
l=1
ζ(k−r)lm
=
1
m
m∑
l=1
ζ−rlm (1 + aζ
l
m)
n
=
1
m
∑
d|m
d∑
b=1
(b,d)=1
ζ−rbd (1 + aζ
b
d)
n
=
1
m
∑
d|m
Wn(r, d).
This ends the proof.
Note that the theorem is a generalization of Theorem 1 of [13].
Remark 2.3. The last result shows that
[
n
r
]
m
(a) can be expressed in terms of
some linearly recurrent sequences with orders not exceeding ϕ(m).
Now we list Am(x) for 1 ≤ m ≤ 6:
A1(x) = x− 1− a,A2(x) = x− 1 + a,
A3(x) = x
2 − (2− a)x+ a2 − a+ 1, A4(x) = x2 − 2x+ a2 + 1,
A5(x) = x
4 − (4− a)x3 + (a2 − 3a+ 6)x2 + (a3 − 2a2 + 3a+ 4) + a4 − a3 + a2 − a+ 1,
A6(x) = x
2 − (a+ 2)x+ a2 + a+ 1.
Lemma 2.4. ([13]) Let m, c be integers with m > 0. Then we have
∑
d|m
µ(
m
d
)dδd|c = ϕ(m)
µ(m/(c,m))
ϕ(m/(c,m))
,
where
δd|c =
{
1, if d | c holds;
0, otherwise.
Proof. We can find that both sides are multiplicative with respect to m, thus we
only need to prove it when m is a prime power. For any prime p and positive integer
5k, we have
∑
d|pk
µ(
pk
d
)dδd|c =
k∑
s=0
µ(pk−s)psδps|c
= pkδpk|c − pk−1δpk−1|c
=


pk − pk−1 if pk | c,
−pk−1 if pk−1 ‖ c,
0 if pk−1 ∤ c.
= ϕ(pk)
µ(pk/(c, pk))
ϕ(pk/(c, pk))
.
This concludes the proof.
Theorem 2.5. Let m,n ∈ Z+, r ∈ Z. Then
Wn(r,m) = ϕ(m)
n∑
k=0
µ(m/(k − r,m))
ϕ(m/(k − r,m))
(
n
k
)
ak.
Proof. By Theorem 2.2, Lemma 2.4 and Mo¨bius Inversion Theorem, we have
Wn(r,m) =
∑
d|m
µ(
m
d
)d
[
n
r
]
d
(a)
=
∑
d|m
µ(
m
d
)d
n∑
k=0
(
n
k
)
akδd|k−r
=
n∑
k=0
(
n
k
)
ak
∑
d|m
µ(
m
d
)dδd|k−r
= ϕ(m)
n∑
k=0
µ(m/(k − r,m))
ϕ(m/(k − r,m))
(
n
k
)
ak.
Corollary 2.6. Let m,n be two relatively prime positive integers. Then we have
Wn(0,m)− ϕ(m)− µ(m)an = ϕ(m)n
n−1∑
k=1
µ(m/(m, k))
ϕ(m/(m, k))
(
n− 1
k − 1
)
ak
k
and
Wn(n,m)− ϕ(m)an − µ(m) = ϕ(m)n
n−1∑
k=1
(
n− 1
k − 1
)
µ(m/(m, k))
ϕ(m/(m, k))
an−k
k
.
6Proof. Since
(
n
k
)
= n
k
(
n−1
k−1
)
for 1 ≤ k ≤ n, we can derive the results by setting
r = 0, n respectively in Theorem 2.5,
Corollary 2.7. Let m ∈ Z+ and p be an odd prime not dividing am. Then we have
Wp(0,m)− ϕ(m)− µ(m)ap
p
≡ −ϕ(m)
p−1∑
k=1
µ(m/(m, k))
ϕ(m/(m, k))
· (−a)
k
k
(mod p),
and
Wp(p,m)− ϕ(m)ap − µ(m)
p
≡ ϕ(m)
p−1∑
k=1
µ(m/(m, k))
ϕ(m/(m, k))
· 1
k(−a)k−1 (mod p).
Proof. Since
(
p−1
k
)
= (−1)k for 0 ≤ k ≤ p − 1, the results follow from Corollary
2.6.
3. Some New Congruences
In this section, we give some new congruences by using the results of [16].
Lemma 3.1. Let p ∤ 3a(2− a)(a3 + 1) be and odd prime, and {un}n≥0, {vn}n≥0 be
the Lucas sequences defined as
u0 = 0, u1 = 1, un+1 = (2 − a)un − (a2 − a+ 1)un−1 for n ≥ 1;
v0 = 2, v1 = (2− a), vn+1 = (2− a)vn − (a2 − a+ 1)vn−1 for n ≥ 1.
Then we have:
(1)
up −
(
−3
p
)
p
≡
p−1
2∑
k=1
(−3)k−1
2k − 1 ·
(
a
2− a
)2k−2
+
(−3
p
)(
qp(a)− qp(2) + 1
2
qp(3)
)
(mod p);
(2)
vp − (2− a)
p
≡ (2−a)

−1
2
p−1
2∑
k=1
(−3)k
k
·
(
a
2− a
)2k
− qp(2) + qp(2− a)

 (mod p).
7Proof. By Lemmas 2.1 and 2.2 of [16], we have up =
1
a
√−3
[(
2−a
2 +
a
2
√−3)p − ( 2−a2 − a2√−3)p]
, vp =
(
2−a
2 +
a
2
√−3)p + ( 2−a2 − a2√−3)p, and up ≡ (−3p ) (mod p), vp = (2 −
a)up − 2(a2 − a+ 1)up−1 = 2up+1 − (2− a)up ≡ (2 − a) (mod p). Then
2p−1up =
p∑
k=0
k odd
(
p
k
)
(2− a)p−k(a√−3)k−1
= ap−1(−3) p−12 +
p−1
2∑
k=1
(
p
2k − 1
)
(2− a)p−2k+1a2k−2(−3)k−1
= ap−1(−3) p−12 + p
p−1
2∑
k=1
(−3)k−1
2k − 1
(
p− 1
2k − 2
)
(2− a)p−2k+1a2k−2
≡ ap−1(−3) p−12 + p
p−1
2∑
k=1
(−3)k−1
2k − 1 ·
(
a
2− a
)2k−2
(mod p2),
and
2p−1vp =
p∑
k=0
k even
(
p
k
)
(2− a)p−k(a√−3)k
= (2− a)p +
p−1
2∑
k=1
(
p
2k
)
(2− a)p−2ka2k(−3)k
= (2− a)p + p
p−1
2∑
k=1
(−3)k
2k
(
p− 1
2k − 1
)
(2 − a)p−2ka2k
≡ (2− a)p − 2− a
2
p
p−1
2∑
k=1
(−3)k
k
·
(
a
2− a
)2k
(mod p2).
Hence (1) and (2) follow from Lemma 2.6(1) of [16].
Corollary 3.2. Let p ∤ 3a(2− a)(a3 + 1) be and odd prime. Then we have
[ p
3
]∑
k=1
(−a)3k
k
≡ (2−a)

1
2
p−1
2∑
k=1
(−3)k
k
·
(
a
2− a
)2k
+ qp(2)− qp(2− a)

−(a+1)qp(a+1) (mod p).
Proof. The result follows from Lemma 4.9 of [16] and Lemma 3.1(2).
8Theorem 3.3. Let p ∤ 3a(a− 1)(2 − a)(a3 + 1) be an odd prime, and {un}n≥0 be
the Lucas sequence defined as
u0 = 0, u1 = 1, un+1 = (2 − a)un − (a2 − a+ 1)un−1 for n ≥ 1.
(1) If p ≡ 1 (mod 3), we have
up−1
p
≡ − 2
a(a− 1)
p−1
3∑
k=1
(−a)3k−1
3k − 1 +
a+ 1
3a(a− 1)
(
qp(a
2 − a+ 1)− 2qp(a+ 1)
)
(mod p)
and
p−1
3∑
k=1
(−a)3k−1
3k − 1 ≡
a(a− 1)
a− 2
p−1
2∑
k−1
(−3)k−1
2k − 1 ·
(
a
2− a
)2k−2
+
a(a− 1)
a− 2 [qp(a)− qp(2) +
1
2
qp(3)]
− 1
3
(a+ 1)qp(a+ 1)− a
2 − a+ 1
3(a− 2) qp(a
2 − a+ 1) (mod p).
(2) If p ≡ 2 (mod 3), we have
up+1
p
≡ 2(a
2 − a+ 1)
a(a− 1)
p+1
3∑
k=1
(−a)3k−2
3k − 2 −
a3 + 1
3a(a− 1)
(
qp(a
2 − a+ 1)− 2qp(a+ 1)
)
(mod p)
and
p+1
3∑
k=1
(−a)3k−2
3k − 2 ≡ −
a(a− 1)
a− 2
p−1
2∑
k=1
(−3)k−1
2k − 1 ·
(
a
2− a
)2k−2
+
a(a− 1)
a− 2 [qp(a)− qp(2) +
1
2
qp(3)]
− 1
3
(a+ 1)qp(a+ 1)− a
2 − a+ 1
3(a− 2) qp(a
2 − a+ 1) (mod p).
Proof. Since(2− a)2 − 4(a2 − a+ 1) = −3a2, we have p | u
p−(−3p ) by Lemma 2.2 of
[16]. Let {vn}n≥0 be the Lucas sequence define as Lemma 3.1.
(1) By Lemma 2.1 and Theorem 4.1 of [16], we have−(a+1)up+(a2−a+1)up−1 =
3
[
p
2
]
3
(a) − (1 + a)p and vp−1 = 2up − (2− a)up−1. Thus by Lemma 2.4 of [16],
we have
3a(a− 1)up−1 = 6
[
p
2
]
3
(a)− 2(1 + a)p + (a+ 1)vp−1
≡ −6p
p−1
3∑
k−1
(−a)3k−1
3k − 1 + (a+ 1)
[
(vp − 2)− 2((a+ 1)p−1 − 1)
]
(mod p2)
9and
3a(a− 1)(up − 1) = 3(2− a)
[
p
2
]
3
(a)− (2− a)(1 + a)p + (a2 − a+ 1)vp−1 − 3a(a− 1)
≡ −3(2− a)p
p−1
3∑
k=1
(−a)3k−1
3k − 1 − (2− a)(1 + a)((a + 1)
p−1 − 1)
+ (a2 − a+ 1)(vp−1 − 2) (mod p2).
Thence by Lemma 2.7 of [16] and Lemma 3.1(1),
up−1
p
≡ − 2
a(a− 1)
p−1
3∑
k=1
(−a)3k−1
3k − 1 +
a+ 1
3a(a− 1)
(
qp(a
2 − a+ 1)− 2qp(a+ 1)
)
(mod p),
and
p−1
3∑
k=1
(−a)3k−1
3k − 1 ≡
a(a− 1)
a− 2
p−1
2∑
k−1
(−3)k−1
2k − 1 ·
(
a
2− a
)2k−2
+
a(a− 1)
a− 2 [qp(a)− qp(2) +
1
2
qp(3)]
− 1
3
(a+ 1)qp(a+ 1)− a
2 − a+ 1
3(a− 2) qp(a
2 − a+ 1) (mod p).
(2) By Lemma 2.1 and Theorem 4.1 of [16], we have−up+1+(a+1)up = 3
[
p
1
]
3
(a)−
(1+ a)p and vp+1 = (2− a)up+1− 2(a2− a+1)up. Thus by Lemmas 2.4 of [16], we
have
−3a(a− 1)up+1 = 6(a2 − a+ 1)
[
p
1
]
3
(a)− 2(a2 − a+ 1)(1 + a)p + (a+ 1)vp+1
≡ −6(a2 − a+ 1)p
p+1
3∑
k=1
(−a)3k−2
3k − 2 − 2(a
2 − a+ 1)(a+ 1) [(a+ 1)p−1 − 1]
+ (a+ 1)
[
vp+1 − 2(a2 − a+ 1)
]
(mod p2)
and
−3a(a− 1)(up + 1) = 3(2− a)
[
p
1
]
3
(a)− (2− a)(1 + a)p + vp+1 − 3a(a− 1)
≡ −3(2− a)p
p+1
3∑
k=1
(−a)3k−2
3k − 2 − (2 − a)(a+ 1)
[
(a+ 1)p−1 − 1]
+ vp+1 − 2(a2 − a+ 1) (mod p2).
10
Thence by Lemma 2.7 of [16] and Lemma 3.1(1),
up+1
p
≡ 2(a
2 − a+ 1)
a(a− 1)
p+1
3∑
k=1
(−a)3k−2
3k − 2 −
a3 + 1
3a(a− 1)
(
qp(a
2 − a+ 1)− 2qp(a+ 1)
)
(mod p),
and
p+1
3∑
k=1
(−a)3k−2
3k − 2 ≡ −
a(a− 1)
a− 2
p−1
2∑
k=1
(−3)k−1
2k − 1 ·
(
a
2− a
)2k−2
+
a(a− 1)
a− 2 [qp(a)− qp(2) +
1
2
qp(3)]
− 1
3
(a+ 1)qp(a+ 1)− a
2 − a+ 1
3(a− 2) qp(a
2 − a+ 1) (mod p).
Set a = −2 in Corollary 3.2 and Theorem 3.3, we have the following two corol-
laries.
Corollary 3.4. Let p 6= 3, 7 be and odd prime. Then we have
(1)
[ p
3
]∑
k=1
8k
k
≡
p−1
2∑
k=1
2
k
·
(
−3
4
)k
− 4qp(2) (mod p).
(2) If p ≡ 1 (mod 3),
p−1
3∑
k=1
8k
3k − 1 ≡ 4
p−1
2∑
k=1
1
2k − 1 ·
(
−3
4
)k
− 3
2
qp(3) +
7
6
qp(7) (mod p).
If p ≡ 2 (mod 3),
p+1
3∑
k=1
8k
3k − 2 ≡ −8
p−1
2∑
k=1
1
2k − 1 ·
(
−3
4
)k
− 3qp(2) + 7
3
qp(7) (mod p).
Corollary 3.5. Let p 6= 3, 7 be and odd prime, and {un}n≥0 be the Lucas sequence
defined as
u0 = 0, u1 = 1, un+1 = 4un − 7un−1 for n ≥ 1.
Then, if p ≡ 1 (mod 3),
up−1
p
≡ −1
6
p−1
3∑
k=1
8k
3k − 1 −
1
18
qp(7) (mod p),
11
if p ≡ 2 (mod 3),
up+1
p
≡ 7
12
p+1
3∑
k=1
8k
3k − 2 +
7
18
qp(7) (mod p).
The following theorem can reduce the summation terms occurring in the expres-
sion of Lucas quotients in Corollary 4.11 of [16] and Corollary 3.5.
Theorem 3.6. Let p 6= 3, 7 be an odd prime, and {un}n≥0 be the Lucas sequence
defined as Corollary 3.5. Then if p ≡ 1 (mod 3),
up−1
p
≡ 1
6
p−1
6∑
k=1
64k
k
+
1
3
qp(7) +
1
2
qp(3)
≡ −1
3
p−1
6∑
k=1
64k
6k − 1 −
1
18
qp(7) +
1
6
qp(3) (mod p),
if p ≡ 2 (mod 3),
up+1
p
≡ −7
6
p−5
6∑
k=1
64k
k
− 7
3
qp(7)− 7
2
q(3)
≡ 7
6
p+1
6∑
k=1
64k
6k − 2 +
7
18
qp(7) +
7
6
qp(3) (mod p).
Proof. By Lemma 2.4 and Theorem 4.5 of [16], if p ≡ 1 (mod 3),
3p−1 − (−3) p−12 =
[
p
2
]
3
(2) ≡ −p
p−1
3∑
k=1
(−2)3k−1
3k − 1 (mod p
2),
if p ≡ 2 (mod 3),
3p−1 + (−3) p−12 =
[
p
1
]
3
(2) ≡ −p
p+1
3∑
k=1
(−2)3k−2
3k − 2 (mod p
2).
Thus by the Lemma 2.6 of [16], we have
p−1
3∑
k=1
(−8)k
3k − 1 ≡ qp(3) (mod p) if p ≡ 1 (mod 3),
and
p+1
3∑
k=1
(−8)k
3k − 2 ≡ −2qp(3) (mod p) if p ≡ 2 (mod 3).
Hence the results follow from Corollaries 4.7 and 4.11 of [16] and Corollary 3.5.
12
4. A Specific Lucas Sequence
Let A,B ∈ Z. The Lucas sequences un = un(A,B)(n ∈ N) and vn = vn(A,B)(n ∈
N) are defined by
u0 = 1, u1 = 1, un+1 = Bun −Aun−1(n ≥ 1);
v0 = 2, v1 = B, vn+1 = Bvn −Avn−1(n ≥ 1).
Next we give some properties of the Lucas sequences with A = 5 and B = 2. We
need some lemmas. Let D = B2 − 4A.
Lemma 4.1. Let p be an odd prime not dividing DA.
(1) If p ≡ 1 (mod 4), then p | u p−1
4
if and only if v p−1
2
≡ 2A p−14 (mod p) and
p | v p−1
4
if and only if v p−1
2
≡ −2A p−14 (mod p).
(2) If p ≡ 3 (mod 4), then p | u p+1
4
if and only if v p+1
2
≡ 2A p+14 (mod p) and
p | v p+1
4
if and only if v p+1
2
≡ −2A p+14 (mod p).
Proof. (1) and (2) follow from the fact that v2n = v
2
n − 2An = Du2n + 2An.
Lemma 4.2. ([9]) Let p be an odd prime and A′ be an integer such that 4A′ ≡
B2 − 4A (mod p). Let u′n = un(A′, B), v′n = vn(A′, B). Then we have
u p+1
2
≡ 1
2
(
2
p
)
v′p−1
2
(mod p), u p−1
2
≡ −
(
2
p
)
u′p−1
2
(mod p),
v p+1
2
≡
(
2
p
)
v′p+1
2
(mod p), v p−1
2
≡ 2
(
2
p
)
u′p+1
2
(mod p).
Remark 4.3. (1) Let Sn = un(1, 4), Tn = vn(1, 4). For any prime p > 3, by the
facts that u′n = un(3, 4) =
1
2 (3
n − 1) and v′n = vn(3, 4) = 3n + 1, we have
S p+1
2
≡ 1
2
(
2
p
)[(
3
p
)
+ 1
]
(mod p), S p−1
2
≡ −1
2
(
2
p
)[(
3
p
)
− 1
]
(mod p),
T p+1
2
≡
(
2
p
)[
3
(
3
p
)
+ 1
]
(mod p), T p−1
2
≡
(
2
p
)[
3
(
3
p
)
− 1
]
(mod p).
Thus by Lemma 4.1, p | S[ p+1
4
] iff p ≡ 1, 19 (mod 24) and p | T[ p+1
4
] iff
p ≡ 7, 13 (mod 24). Sun [13] got these by studying the sum (1) for a = 1 and
m = 12;
13
(2) Let Pn = un(−1, 2), Qn = vn(−1, 2) and u′n = un(2, 2), vn = v′n(2, 2). For
any odd prime p, by the facts that u′4n = 0, u
′
4n+1 = (−4)n, u′4n+2 = u′4n+3 =
2(−4)n and v′4n = v′4n+1 = 2(−4)n, u′4n+2 = 0, u′4n+3 = (−4)(n+1), we have
P
p−( 2p)
2
≡
{
0 (mod p), if p ≡ 1 (mod 4),
(−1)[ p+58 ]2 p−34 (mod p), if p ≡ 3 (mod 4),
Q
p−( 2p )
2
≡
{
(−1)[ p8 ]2 p+34 (mod p), if p ≡ 1 (mod 4),
0 (mod p), if p ≡ 3 (mod 4),
and
P
p+( 2p)
2
≡ (−1)[ p+18 ]2[ p4 ] (mod p), Q
p+( 2p )
2
≡ (−1)[ p+58 ]2[ p+54 ] (mod p).
Sun got [7] these by studying the sum (1) for a = 1 and m = 8.
Lemma 4.4. Let p ∤ B be an odd prime and A′ be an integer such that A′ ≡ A
B2
(mod p). Let u′n = un(A
′, 1), v′n = vn(A
′, 1). Then we have
u p+1
2
≡
(
B
p
)
u′p+1
2
(mod p), u p−1
2
≡ 1
B
(
B
p
)
u′p−1
2
(mod p),
v p+1
2
≡ B
(
B
p
)
v′p+1
2
(mod p), v p−1
2
≡
(
B
p
)
v′p−1
2
(mod p).
Proof. By Lemma 2.1 of [16] and D′ = 1− 4A′ ≡ D
B2
(mod p), we have
un = 2
n∑
k=0
k odd
(
n
k
)(
B
2
)n−k (
D
2
) k−1
2
= 2Bn−1
n∑
k=0
k odd
(
n
k
)(
1
2
) p−1
2
−k (
D
2B2
) k−1
2
≡ 2Bn−1
n∑
k=0
k odd
(
n
k
)(
1
2
)n−k (
D′
2
) k−1
2
= Bn−1u′n (mod p),
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and
vn = 2
n∑
k=0
k even
(
n
k
)(
B
2
)n−k (
D
2
) k
2
= 2Bn
n∑
k=0
k even
(
n
k
)(
1
2
) p−1
2
−k (
D
2B2
) k
2
≡ 2Bn
n∑
k=0
k even
(
n
k
)(
1
2
)n−k (
D′
2
) k
2
= Bnv′n (mod p),
Thus
u p+1
2
≡ B p−12 u′p+1
2
≡
(
B
p
)
u′p+1
2
(mod p),
u p−1
2
≡ B p−32 u′p−1
2
≡ 1
B
(
B
p
)
u′p−1
2
(mod p),
v p+1
2
≡ B p+12 v′p+1
2
≡ B
(
B
p
)
v′p+1
2
(mod p),
v p−1
2
≡ B p−12 v′p−1
2
≡
(
B
p
)
v′p−1
2
(mod p).
Theorem 4.5. Let p 6= 5 be an odd prime and {Un}n≥0 and {Vn}n≥0 be the Lucas
sequences defined as
U0 = 0, U1 = 1, Un+1 = 2Un − 5Un−1 for n ≥ 1;
V0 = 2, V1 = 2, Vn+1 = 2Vn − 5Vn−1 for n ≥ 1.
(1) If p ≡ ±1 (mod 5), we have
U
p+(−1p )
2
≡
(−1
p
)
(−1)[ p+510 ]5[ p4 ] (mod p),
U
p−(−1p )
2
≡ 0 (mod p),
V
p+(−1p )
2
≡ 2(−1)[ p+510 ]5[ p4 ] (mod p),
V
p−(−1p )
2
≡ 2(−1)[ p+510 ]5[ p+14 ] (mod p).
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(2) If p ≡ ±2 (mod 5), we have
U
p+(−1p )
2
≡ 1
2
(−1
p
)
(−1)[ p+510 ]5[ p4 ] (mod p),
U
p−(−1p )
2
≡ 1
2
(−1
p
)
(−1)[ p+510 ]5[ p+14 ] (mod p),
V
p+(−1p )
2
≡ 4(−1)[ p−510 ]5[ p4 ] (mod p),
V
p−(−1p )
2
≡ 0 (mod p).
Proof. Let Fn = un(−1, 1) and Ln = vn(−1, 1) be Fibonacci sequence and its
companion. Then by Lemmas 4.2 and 4.4, we have
U p+1
2
≡ 1
2
L p−1
2
(mod p), U p−1
2
≡ −1
2
F p−1
2
(mod p),
V p+1
2
≡ 2L p+1
2
(mod p), V p−1
2
≡ 2F p+1
2
(mod p).
Thus by Corollaries 1 and 2 of [11], we can derive the results.
Remark 4.6. In [16], we gave some congruences for the Lucas quotient U
p−(−1p )/p
by studying the sum (1) for a = −2 and m = 4.
Corollary 4.7. Let p 6= 5 be an odd prime, {Un}n≥0 and {Vn}n≥0 be Lucas se-
quences defined as above.
(1) If p ≡ 1 (mod 4), then p | U p−1
4
if and only if p ≡ 1 (mod 20) and p | V p−1
4
if
and only if p ≡ 9 (mod 20).
(2) If p ≡ 3 (mod 4), then p | U p+1
4
if and only if p ≡ 19 (mod 20) and p | V p+1
4
if
and only if p ≡ 11 (mod 20).
Proof. (1) and (2) follow from Lemma 4.1 and Theorem 4.5.
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